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ABSTRACT
The numerical stability of the u-p formulation-based dynamic soil-water coupled analysis was evaluated using
the spectral radius of a simultaneous recursive equation derived from the spatiotemporally discretized governing
equations and time-integration formulas. The findings reveal that the unstable range of the u-p formulation forms a
band-shaped region in the permeability coefficient k-time increment Δt space. This band bends at the point where
the theoretical solution of the u-p formulation transitions. By analyzing the transience of the eigenvector along the
band, we identified significant eigenvector rotation around the bend, suggesting that the differing appearances of
unstable regions between low- and high-permeability ranges are caused by variations in the divergence of eigen-
modes. Moreover, the criterion proposed by Noda et al. (2008) for evaluating the feasibility of u-p formulation-based
analysis, which relies on the ratio k/Δt, is generally valid for low-permeability ranges. However, this criterion proves
inconsistent for high-permeability ranges, where feasibility depends solely on Δt.

1 | Introduction

Soil-water coupled analyses of saturated soil as a two-phase mixture [1–3] have traditionally been conducted using the u-p
formulation (hereafter abbreviated as “u-p”), which assumes static seepage of pore water, as formulated by Zienkiewicz
et al. [4]. This assumption effectively reduces the number of unknown variables but causes numerical divergence in
highly permeable soils that allow dynamic seepage [5], despite the theoretical solution of the u-p formulation exhibiting
unconditional convergence [6]. This numerical instability can be addressed by employing the Full formulation (here-
after abbreviated as “Full”), such as the u-U-p formulation or the u-U-p/u-w-p formulation [7–11], which accounts for
dynamic pore water flow, or the u-U/u-w formulation [11–13], which further incorporates pore water compressibility.
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The numerical instability of the u-p formulation has been widely discussed in previous studies. Zienkiewicz et al.
[4] were the first to compare solutions derived from Biot’s theory (Full), the u-p formulation, and the static con-
solidation theory for a one-dimensional saturated elastic soil column under periodic surface loads. They identified
deviations of the u-p formulation from Full, particularly in highly permeable ranges (with greater 𝜋1 values) and
high-frequency ranges (with greater 𝜋2 values), due to the limitations of the u-p approximation. However, their work
did not address the numerical instability arising in the temporally discretized system, that is, instability dependent
on the time increment Δ𝑡. Noda et al. [5] proposed a simple criterion to evaluate the feasibility of u-p calculations
based on the spatiotemporally discretized soil-water coupling equation (SWCE). They suggested that u-p-based numer-
ical simulations fail due to the sign inversion of the discretized SWCE when the coefficient 𝛾𝜃1 becomes negative. This
occurs in cases of highly permeable soils (large permeability coefficient 𝑘) or for rapid phenomena requiring sufficiently
small Δ𝑡, such as failure problems or high-frequency soil seismic responses. The stability criterion they proposed is
expressed as:

𝛾𝜃1 = 1
6
− 1

2𝜃Δ𝑡

𝜌𝑓𝑘

𝛾𝑤
> 0, 𝑘

Δ𝑡
<

𝜃𝛾𝑤

3𝜌𝑓
… Stable (1)

where 𝜃 is the parameter introduced in Wilson’s 𝜃 method (hereafter abbreviated as “Wilson-𝜃”) proposed by Wilson
et al. [14]. 𝜌𝑓 and 𝛾𝑤 are the pore water density and the pore water unit weight, respectively, indicating that u-p-based
calculations fail when 𝑘∕Δ𝑡 exceeds a critical threshold. However, this study did not evaluate the stability of the entire
discretized system, including the equation of motion (EOM). Kato [15] derived a stability criterion using Routh’s [16] and
Hurwitz’s [17] stability criteria in conjunction with Newmark’s 𝛽 method [18] as:

𝜖 >
𝑘

𝑔Δ𝑡
… Stable (2)

where 𝑔 represents gravitational acceleration, 𝜖 is a parameter satisfying 1∕2 > 𝜖 > 0. However, this study only considered
a single mass point in a one-dimensional domain, neglecting spatial discretization effects.

Other studies have explored the stability of direct time integration methods. Newmark [18] demonstrated that appropriate
parameter settings (e.g., the average constant acceleration method) ensure unconditional convergence. Bathe and Wilson
[14] analyzed the numerical stability of the Wilson-𝜃 and Newmark’s 𝛽 methods (hereafter abbreviated as “Newmark-𝛽”)
using the spectral radius of the temporally discretized governing equation. They concluded that Wilson-𝜃 achieves uncon-
ditional convergence when 𝜃 > 1.37. However, these studies focused solely on linear second-order equations of motion
for single or multiple mass points. They did not address boundary value problems or the effects of soil-water coupling on
system stability.

In this study, the stability of dynamic u-p-based soil-water coupled analyses was evaluated using the spectral radius of a
simultaneous recursive equation derived from the spatiotemporally discretized u-p governing equations and time inte-
gration formulas (primarily Wilson-𝜃, supplemented with Newmark-𝛽). The analysis identified the stable range of the u-p
formulation based on 𝑘 and Δ𝑡, revealing that instability induced by the u-p approximation can occur even with parame-
ters deemed unconditionally stable under Wilson-𝜃. Furthermore, we confirmed that the 𝛾𝜃1 criterion proposed by Noda
et al. [5], which depends on 𝑘∕Δ𝑡, is valid only for low-permeability cases and is inconsistent for highly permeable cases.
Finally, we demonstrated that the differing appearances of the stable ranges between low- and high-permeability cases
result from significant changes in the divergence of eigenmodes near the transience of the theoretical solution of the u-p
formulation.

The governing equations and the stability evaluation scheme are summarized in Section 2. The investigation of the stable
range of u-p is presented in Section 3, followed by supplementary discussions in Section 4. Conclusions are presented in
Section 5.

2 | Governing Equations and Scheme for Evaluating Numerical Stability

In this section, the governing equations of the u-p formulation are presented along with their discretized form, and
the scheme for evaluating numerical stability using the spectral radius is introduced. The derivation of the governing
equations and their theoretical solutions follows the methodology outlined by Toyoda and Noda [6].
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2.1 | u-p Governing Equation

2.1.1 | Original Governing Equation

According to Noda and Toyoda [7], the full-based governing equations, including the “rate-type” EOM for considering
geometrical/convective nonlinearity, were indicated as follows [11, 19]:

EOM of mixture (rate-type [7]):

𝜌𝑠D2
𝑠
𝒗𝑠 + 𝜌𝑓D𝑠D𝑓𝒗𝑓 + 𝜌𝑓

(
div 𝒗𝑠

)(
D𝑠𝒗𝑠 − 𝒃

)
= div

(
D𝑠𝑺 𝑡

)
, (3-1)

EOM of motion of fluid phase:
𝜌𝑓D𝑓𝒗𝑓 = −𝛾𝑤grad ℎ −

𝛾𝑤

𝑘
𝑛
(
𝒗𝑓 − 𝒗𝑠

)
, (3-2)

SWCE:
div 𝒗𝑠 + div

{
𝑛
(
𝒗𝑓 − 𝒗𝑠

)}
= 0, (3-3)

where 𝜌𝑠 = (1 − 𝑛)𝜌𝑠 and 𝜌𝑓 = 𝑛𝜌𝑓 represent the solid and fluid phases densities, respectively (𝜌𝑠: density of soil particles,
𝜌𝑓 : density of pore water). D𝑠 and D𝑓 are the material-time derivatives with respect to the solid phase and fluid phase,
respectively. 𝒗𝑠 and 𝒗𝑓 are the velocity vectors of the solid and fluid phases, respectively. D𝑠𝑺 𝑡 represents the nominal
stress rate tensor of the mixture [20]. 𝑝 denotes pore water pressure (compression is positive). ℎ denotes total head and
𝒃 is the body force vector per unit mass. 𝑛 denotes the porosity. 𝑘 is the permeability coefficient. 𝛾𝑤 represents the unit
weight of water. The effect of taking the “rate-type” of the governing equation has been investigated in Section 4.2.

Conversely, consideration of the u-p static seepage approximation, that is, the relative acceleration of pore water to the
soil skeleton is negligibly smaller than the acceleration of the soil skeleton, expressed as:

D𝑓𝒗𝑓 − D𝑠𝒗𝑠 ≪ D𝑠𝒗𝑠. (4)

Applying this expression in Equations (3-1–3-3) results in the following u-p governing equation [5, 21]:

EOM of mixture (rate-type):
𝜌D2

𝑠
𝒗𝑠 + 𝜌𝑓

(
div 𝒗𝑠

)(
D𝑠𝒗𝑠 − 𝒃

)
= div

(
D𝑠𝑺 𝑡

)
, (4-1)

SWCE:
𝜌𝑓𝑘

𝛾𝑤
div

(
D𝑠𝒗𝑠

)
− div 𝒗𝑠 + div(𝑘 grad ℎ) = 0, (4-2)

where 𝜌 = 𝜌𝑠 + 𝜌𝑓 = (1 − 𝑛)𝜌𝑠 + 𝑛𝜌𝑓 is the mixture density. Note that D2
𝑠
𝒗𝑠 is the third-order material-time derivative of

displacement (i.e., the “jerk” term of the solid phase, [5]).

2.1.2 | Assumptions

To focus on the u-p numerical instability, the following assumptions were introduced to eliminate other factors that could
also cause instability:

• Linear elasticity: Material nonlinearity, such as material softening, which may induce instability, is neglected.

• Infinitesimal deformation: Geometrical nonlinearity, such as bifurcation-induced instability (e.g., buckling exhibiting
peak strength), is neglected.

Furthermore, we assume:

• One-dimensional deformation/seepage: As discussed in the appendix of Toyoda and Noda [6], a one-dimensional
evaluation is sufficient to address the multi-dimensional problem. By decomposing the u-p governing equations into
gradient terms (P-wave) and solenoidal terms (S-wave) using Helmholtz’s theorem, the S-wave equation does not
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include hydraulic pressure under the assumption of non-dilatant material. Therefore, “u-p-induced” instability can-
not occur in the S-wave equation. As a result, a multi-dimensional investigation is unnecessary for assessing u-p
instability, as stability evaluation of the one-dimensional P-wave equation is sufficient.

• Incompressibility of pure materials (i.e., soil particles and pore water) for simplicity: Densities are considered con-
stant, and thus, porosity is also assumed to be constant, under the assumption of infinitesimal deformation.

2.1.3 | One-Dimensional Equations and Discretization

Referring to Toyoda and Noda [6], we assumed a saturated soil column and considered its one-dimensional linear elastic
infinitesimal deformation. By treating the equilibrium state as 𝑇 → ∞ as a reference configuration, Equations (4-1–4-2)
can be rewritten as

EOM of mixture:

𝜌
...
𝑢𝑠 = 𝐸𝑐

𝜕2𝑢̇𝑠

𝜕𝑧2 − 𝜕𝑝̇

𝜕𝑧
, 0 < 𝑧 < 𝐻, 𝑡 > 0, (5-1)

SWCE:

𝜌𝑓𝑘

𝛾𝑤

𝜕𝑢̈𝑠

𝜕𝑧
−

𝜕𝑢̇𝑠

𝜕𝑧
+ 𝑘

𝛾𝑤

𝜕2𝑝

𝜕𝑧2 = 0, 0 < 𝑧 < 𝐻, 𝑡 > 0. (5-2)

where the superscript dot ( )⋅ denotes the time derivative operator 𝜕∕𝜕𝑡, respectively. 𝑢𝑠 and 𝑢𝑓 denote displacements of the
solid and fluid phases, respectively. 𝐻 denotes the thickness of the soil column. The one-dimensional averaged relative
flow rate 𝑤 is expressed as:

𝑤 = 𝑛
(
𝑢̇𝑓 − 𝑢̇𝑠

)
= −𝑘𝜕ℎ

𝜕𝑧
− 𝜌𝑓𝑘

𝛾𝑤
𝑢̈𝑠, (6)

𝑧 and 𝑡 denote the vertical position and time, respectively. 𝐸𝑐 = (1 − 𝜈)𝐸∕{(1 + 𝜈)(1 − 2𝜈)} denotes the one-dimensional
stiffness (𝐸: Young’s modulus, 𝜈: Poisson’s ratio). At the bottom of the column (𝑧 = 0), we assumed a fixed boundary
condition. At the top of the column (𝑧 = 𝐻), we assumed a traction boundary condition considering the instantaneous
load application.

Boundary conditions:

𝑢𝑠(𝑧 = 0, 𝑡) = 0, 𝑡 > 0, (7-1)

𝜕𝑢𝑠

𝜕𝑧
(𝑧 = 𝐻, 𝑡) = − 𝑞

𝐸𝑐

, 𝑡 > 0. (7-2)

where 𝑞 is the load magnitude. For the hydraulic boundary conditions of pore water pressure, undrained conditions were
imposed at the bottom and atmospheric conditions at the top.

Hydraulic boundary conditions:

𝜕𝑝

𝜕𝑧
(𝑧 = 0, 𝑡) = 0, 𝑡 > 0 (8-1)

𝑝(𝑧 = 𝐻, 𝑡) = 0, 𝑡 > 0 (8-2)

As for the initial conditions, we assumed a stationary state without deformation.

Initial conditions:

𝑢𝑠(𝑧, 𝑡 = 0) = 0, 0 < 𝑧 < 𝐻 (9-1)

𝑢̇𝑠(𝑧, 𝑡 = 0) = 0, 0 < 𝑧 < 𝐻 (9-2)
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2.1.4 | Non-Dimensionalization

Definition of the dimensionless variables are:

𝑍 = 𝑧

𝐻
, 𝑇 =

𝑐𝑣𝑡

𝐻2 =
𝑘𝐸𝑐𝑡

𝛾𝑤𝐻
2 , (10-1)

𝑈𝑠 =
𝑢𝑠

𝛿
, 𝑈𝑓 =

𝑢𝑓

𝛿
, 𝑃 = 𝑝

𝑞
, (10-2)

where 𝑍 and 𝑇 denotes the relative position and time factor, respectively; the solid and fluid phases’ dimensionless dis-
placements are denoted as 𝑈𝑠 and 𝑈𝑓 , respectively; the dimensionless pore water pressure is denoted as 𝑃 . The governing
equations, Equations (5-1–5-2), can be expressed as

EOM of mixture (rate-type):

e
(
𝐺𝑠 + e

)
1 + 𝐺𝑠e

∘∘∘
𝑈 𝑠 − 4ℎ2 𝜕

2𝑈̊ 𝑠

𝜕𝑍2 + 4ℎ2 𝜕𝑃̊

𝜕𝑍
= 0, 0 < 𝑍 < 1, 𝑇 > 0, (11-1)

SWCE:
e(1 + e)
1 + 𝐺𝑠e

𝜕
∘∘
𝑈𝑠

𝜕𝑍
− 4ℎ2 𝜕𝑈̊ 𝑠

𝜕𝑍
+ 4ℎ2 𝜕

2𝑃

𝜕𝑍2 = 0, 0 < 𝑍 < 1. (11-2)

The flow rate in the dimensionless form 𝑊 can also be derived from Equation (6) as:

𝑊 = − 𝜕𝑃

𝜕𝑍
−

(
𝐺𝑠 − 1

)
e

1 + 𝐺𝑠e
1

4ℎ2

∘∘
𝑈𝑠. (12)

The dimensionless forms of the initial and boundary conditions (Equations 7-1–9-2) can be obtained as:

Boundary conditions/hydraulic boundary conditions:

𝑈𝑠(𝑍 = 0, 𝑇 ) = 0, 𝑇 > 0, (13-1)

𝜕𝑈𝑠

𝜕𝑍
(𝑍 = 1, 𝑇 ) = −1, 𝑇 > 0, (13-2)

𝜕𝑃

𝜕𝑍
(𝑍 = 0, 𝑇 ) = 0, 𝑇 > 0, (14-1)

𝑃 (𝑍 = 1, 𝑇 ) = 0, 𝑇 > 0. (14-2)

Initial conditions:
𝑈𝑠(𝑍, 𝑇 = 0) = 0, 0 < 𝑍 < 1, (15-1)

𝜕𝑈𝑠

𝜕𝑇
(𝑍, 𝑇 = 0) = 0, 0 < 𝑍 < 1, (15-2)

where
Final settlement ∶ 𝛿 =

qH
𝐸𝑐

, (16-1)

Dimensionless factor ∶ ℎ =
𝑐𝑝𝐻

2𝑐𝑣
=

𝛾𝑤𝐻

2𝑘
√

𝜌′𝐸𝑐

, (16-2)
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Undamped wave celerity ∶ 𝑐𝑝 =

√
𝐸𝑐

𝜌′
, (16-3)

Coefficient of consolidation ∶ 𝑐𝑣 =
𝑘𝐸𝑐

𝛾𝑤
, (16-4)

Balanced density ∶ 𝜌′ = 𝜌𝑠 +
𝜌𝑓

e2 , 𝜌𝑠 = (1 − 𝑛)𝜌𝑠, 𝜌𝑓 = 𝑛𝜌𝑓 , (16-5)

Specific gravity ∶ 𝐺𝑠 =
𝜌𝑠

𝜌𝑓
, (16-6)

Void ratio ∶ e = 𝑛

1 − 𝑛
, (16-7)

where the superscript circle ( )∘ represents the dimensionless time derivative 𝜕∕𝜕𝑇 . Note that the dimensionless factor
ℎ inversely proportional to 𝑘 controls the solution. Also note that the balanced density 𝜌′ in Equation (16-5) is different
from the mixture density 𝜌 appeared in Equations (4-1) and (5-1).

2.2 | Theoretical Solution

Toyoda and Noda [6] derived the one-dimensional solution by recognizing that the dimensionless u-p governing equations
(Equations 11-1 and 11-2) derive a damped wave equation:(

𝐺𝑠 − 1
)
e

1 + 𝐺𝑠e
𝜕2𝑈𝑠

𝜕𝑇 2 = 4ℎ2 𝜕
2𝑈𝑠

𝜕𝑍2 − 4ℎ2 𝜕𝑈𝑠

𝜕𝑇
, (17-1)

⟺
𝜕2𝑈𝑠

𝜕𝑇 2 = 4ℎ#2 𝜕
2𝑈𝑠

𝜕𝑍2 − 4ℎ#2 𝜕𝑈𝑠

𝜕𝑇
, ℎ# = ℎ

√
1 + 𝐺𝑠e(
𝐺𝑠 − 1

)
e
, (17-2)

The dimensionless solutions for 𝑈𝑠 and 𝑃 can be expressed as a superposition of eigenmodes:

𝑈𝑠(𝑍, 𝑇 ) =
∞∑
𝑛=1

2 ⋅ (−1)𝑛+1

𝛽2
𝑛

sin
(
𝛽𝑛𝑍

)
𝐹 #
𝑛
(𝑇 ) exp

(
−2ℎ#2

𝑇
)
−𝑍, (18-1)

𝑃 (𝑍, 𝑇 ) =
∞∑
𝑛=1

2 ⋅ (−1)𝑛+1

𝛽𝑛
cos

(
𝛽𝑛𝑍

)
𝐺#

𝑛
(𝑇 ) exp

(
−2ℎ#2

𝑇
)
, (18-2)

where
𝛽𝑛 =

2𝑛 − 1
2

𝜋, (19-1)

𝐹 #
𝑛
(𝑇 ) =

⎧⎪⎪⎨⎪⎪⎩
cosh

(
2ℎ#𝐷#

𝑛
𝑇
)
+ ℎ#

𝐷#
𝑛

sinh
(
2ℎ#𝐷#

𝑛
𝑇
) (

𝛽𝑛 < ℎ#)
1 + 2ℎ#2

𝑇
(
𝛽𝑛 = ℎ#)

cos
(
2ℎ#𝐷′#

𝑛
𝑇
)
+ ℎ#

𝐷′#
𝑛

sin
(
2ℎ#𝐷′#

𝑛
𝑇
) (

𝛽𝑛 > ℎ#) , (19-2)

𝐺#
𝑛
(𝑇 ) =

⎧⎪⎪⎨⎪⎪⎩
𝑃 #
𝐼

cosh
(
2ℎ#𝐷#

𝑛
𝑇
)
+ (2−𝑃 #

𝐼 )ℎ#

𝐷#
𝑛

sinh
(
2ℎ#𝐷#

𝑛
𝑇
) (

𝛽𝑛 < ℎ#)
𝑃 #
𝐼
+ 2

(
2 − 𝑃 #

𝐼

)
ℎ#2

𝑇
(
𝛽𝑛 = ℎ#)

𝑃 #
𝐼

cos
(
2ℎ#𝐷′#

𝑛
𝑇
)
+ (2−𝑃 #

𝐼 )ℎ#

𝐷′#
𝑛

sin
(
2ℎ#𝐷′#

𝑛
𝑇
) (

𝛽𝑛 > ℎ#) , (19-3)
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𝐷#
𝑛
=

√
ℎ#2 − 𝛽2

𝑛
, 𝐷′#

𝑛
=

√
𝛽2
𝑛
− ℎ#2

, (19-4)

𝑃 #
𝐼
= − 1 + e

𝐺𝑠 − 1
. (19-5)

The theoretical solutions, Equations (18-1) and (18-2), depend on the parameter ℎ (or ℎ#). Each eigenmode exhibits
hyperbolic or trigonometric time development, corresponding to overdamped or underdamped oscillations, respec-
tively. Notably, the theoretical solutions, Equations (18-1–18-2), unconditionally converge as 𝑇 → ∞ for any ℎ (or
ℎ#). Thus, the divergence of the u-p formulation discussed in the subsequent sections is not theoretical but purely
numerical.

2.3 | Discretization

The methods of spatiotemporal discretization were conformed to Noda et al. [5].

2.3.1 | Spatial Discretization

Detailed derivations of the following discretized forms have been included in Appendix A: Detailed Derivation of Dis-
cretized Governing Equation With Concrete Forms of Matrices and Vectors.

2.3.1.1 | Weak Form of Dimensionless Rate-Type EOM. First, the derivation of the weak form of the dimension-
less rate-type EOM (Equation 11-1) is presented based on the finite element method. By integrating Equation (11-1) over
the entire domain 0 ≤ 𝑍 ≤ 1 after multiplying it by a dimensionless arbitrary function 𝛿V(𝑍, 𝑇 ) satisfying 𝛿V(0, 𝑇 ) = 0
as per according to the fixed boundary condition in Equation (13-1), we obtain the following equation using Gauss’s
divergence theorem:

∫
1

0

e
(
𝐺𝑠 + e

)
1 + 𝐺𝑠e

𝛿V
∘∘∘
𝑈 𝑠dZ + ∫

1

0
4ℎ2 𝜕𝛿V

𝜕𝑍

𝜕𝑈̊𝑠

𝜕𝑍
dZ − ∫

1

0
4ℎ2 𝜕𝛿V

𝜕𝑍
𝑃̊dZ = 0 (20)

2.3.1.2 | Finite Element Discretization of Dimensionless Rate-Type EOM. The dimensionless solid phase
displacement 𝑈𝑠 is iso-parametrically discretized with linear interpolation using the finite element method, while
the dimensionless pore water pressure 𝑃 is defined at each element using the finite volume method. The entire
domain 0 ≤ 𝑍 ≤ 1 is divided into 𝑚 finite elements of equal thickness Δ𝑍 = 1∕𝑚, as shown in Figure 1. The
nodal coordinates are expressed as 𝑍𝑖 = 𝑖Δ𝑍 (𝑖 = 0, · · · , 𝑚), the nodal dimensionless solid displacements 𝑈𝑖

𝑠
(𝑇 ) (𝑖 =

0, · · · , 𝑚), and the elemental dimensionless pressures 𝑃 𝑖(𝑇 ) (𝑖 = 1, · · · , 𝑚). Considering the arbitrariness of 𝛿V and
the fixed boundary conditions in Equation (13-1), the following simultaneous ordinary differential equation is
obtained:

e
(
𝐺𝑠 + e

)
1 + 𝐺𝑠e

[M]

{
∘∘∘
𝑈

N

𝑠

}
+ 4ℎ2[K]

{
𝑈̊

N
𝑠

}
− 4ℎ2[L]T

{
𝑃̊

E} = {0}, (21)

where the global mass, stiffness, and displacement-volume change converter matrices are denoted as [M], [K], and
[L], respectively,

{
𝑈N

𝑠

}
and

{
𝑃 E} are the global coefficient vectors listing 𝑈𝑖

𝑠
(𝑇 ) and 𝑃 𝑖(𝑇 ), respectively. The transpose

operator of a matrix is denoted as the superscript “T”, and the zero vector is denoted as {0}. A detailed derivation of
Equation (21), along with the specific forms of the matrices, is included in Appendix A: Derivation of Discretized Dimen-
sionless Rate-Type EOM.

2.3.1.3 | Physical Model of Dimensionless Physical Model of Seepage. Regarding the discretization of the
dimensionless SWCE (Equation 11-2), we refer to the physical model of seepage presented by Asaoka et al. [22], derived
from Christian [23] and Akai and Tamura [24]. The detailed formulation of the model and the discretization of the diffu-
sion term, that is, the third term of Equation (11-2), are provided in Appendix A: Formulation of Dimensionless Physical
Model of Seepage.
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FIGURE 1 | One-dimensional finite element/finite volume modelling.

2.3.1.4 | Finite Volume Discretization of Dimensionless SWCE. Taking the weak form of the dimensionless
SWCE by the finite volume method, the spatial integration of Equation (11-2) within each element 𝑍 (1) ≤ 𝑍 ≤ 𝑍 (2) is
expressed as:

∫
𝑍(2)

𝑍(1)

e(1 + e)
1 + 𝐺𝑠e

𝜕
∘∘
𝑈𝑠

𝜕𝑍
dZ − ∫

𝑍(2)

𝑍(1)
4ℎ2 𝜕𝑈̊ 𝑠

𝜕𝑍
dZ + ∫

𝑍(2)

𝑍(1)
4ℎ2 𝜕

2𝑃

𝜕𝑍2 dZ = 0. (22)

Discretizing Equation (22), we obtain:

e(1 + e)
1 + 𝐺𝑠e

[L]

{
∘∘
𝑈

N

𝑠

}
− 4ℎ2[L]

{
𝑈̊

N
𝑠

}
+ 4ℎ2[H]

{
𝑃 E} = 0 (23)

where the derivation is included in Appendix A: Derivation of Discretized Dimensionless SWCE. Here, [H] represents the
discretized Laplacian operator matrix.

2.3.2 | Time Integration Formula and Simultaneous Recursive Equation

In this paper, we primarily employed Wilson-𝜃, a well-known implicit time integration formula for dynamic problems, to
derive the simultaneous recursive equation for time integration. Additionally, Newmark-𝛽 is discussed in Section 4.3.

Following Noda et al. [5], we assume linear transience of the “jerk” term of the solid phase
∘∘∘
𝑈 𝑠 (the third dimensionless

time derivative of dimensionless solid displacement), within the dimensionless time interval 𝑇 = 𝑇 to 𝑇 = 𝑇 + 𝜃Δ𝑇 (𝜃:
parameter of Wilson-𝜃, introduced in [14]) at all nodes:

Linearity of the dimensionless jerk term:{
∘∘∘
𝑈

N

𝑠

}||||||𝑇+𝜏 =
{

∘∘∘
𝑈

N

𝑠

}||||||𝑇 + 𝜏

𝜃Δ𝑇

⎛⎜⎜⎝
{

∘∘∘
𝑈

N

𝑠

}||||||𝑇+𝜃Δ𝑇

−

{
∘∘∘
𝑈

N

𝑠

}||||||𝑇
⎞⎟⎟⎠, 0 ≤ 𝜏 ≤ 𝜃Δ𝑇 . (24)

Integrating Equation (24) with respect to 𝜏, we obtain the time integration formula by substituting 𝜏 = 𝜃Δ𝑇 :{
(𝜃Δ𝑇 )2

∘∘
𝑈

N

𝑠

}||||||𝑇+𝜃Δ𝑇

=

{
(𝜃Δ𝑇 )2

∘∘
𝑈

N

𝑠

}||||||𝑇 + 1
2

{
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇 + 1
2

{
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇+𝜃Δ𝑇

, (25-1)

{
(𝜃Δ𝑇 )𝑈̊N

𝑠

}||||𝑇+𝜃Δ𝑇

=
{
(𝜃Δ𝑇 )𝑈̊N

𝑠

}||||𝑇 +

{
(𝜃Δ𝑇 )2

∘∘
𝑈

N

𝑠

}||||||𝑇 + 1
3

{
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇 + 1
6

{
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇+𝜃Δ𝑇

, (25-2)
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For estimating variables at the next step 𝑇 = 𝑇 + Δ𝑇 , we substitute 𝜏 = Δ𝑇 :

{
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇+Δ𝑇

=
(

1 − 1
𝜃

){
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇 + 1
𝜃

{
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇+𝜃Δ𝑇

, (26-1)

{
(𝜃Δ𝑇 )2

∘∘
𝑈

N

𝑠

}||||||𝑇+Δ𝑇

=

{
(𝜃Δ𝑇 )2

∘∘
𝑈

N

𝑠

}||||||𝑇 +
(1
𝜃
− 1

2𝜃2

){
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇 + 1
2𝜃2

{
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇+𝜃Δ𝑇

, (26-2)

{
(𝜃Δ𝑇 )𝑈̊N

𝑠

}||||𝑇+Δ𝑇

=
{
(𝜃Δ𝑇 )𝑈̊N

𝑠

}||||𝑇 + 1
𝜃

{
(𝜃Δ𝑇 )2

∘∘
𝑈

N

𝑠

}||||||𝑇 +
( 1

2𝜃2 − 1
6𝜃3

){
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇 + 1
6𝜃3

{
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇+𝜃Δ𝑇

. (26-3)

Using the trapezoidal rule for dimensionless pore water pressure 𝑃 , assuming linearity of its rate for all elements, we
obtain: {

𝑃 E}|||𝑇+𝜃Δ𝑇
=

{
𝑃 E}|||𝑇 + 1

2

({
(𝜃Δ𝑇 )𝑃̊ E}||||𝑇 +

{
(𝜃Δ𝑇 )𝑃̊ E}||||𝑇+𝜃Δ𝑇

)
, (27)

{
(𝜃Δ𝑇 )𝑃̊ E}||||𝑇+Δ𝑇

=
(

1 − 1
𝜃

){
(𝜃Δ𝑇 )𝑃̊ E}||||𝑇 + 1

𝜃

{
(𝜃Δ𝑇 )𝑃̊ E}||||𝑇+𝜃Δ𝑇

, (28-1)

{
𝑃 E}|||𝑇+Δ𝑇

=
{
𝑃 E}|||𝑇 +

(1
𝜃
− 1

2𝜃2

){
(𝜃Δ𝑇 )𝑃̊ E}||||𝑇 + 1

2𝜃2

{
(𝜃Δ𝑇 )𝑃̊ E}||||𝑇+𝜃Δ𝑇

. (28-2)

Note that setting 𝜃 > 1.37 exhibits unconditional convergence for second-order linear ordinary differential equations [25].

Assuming Equations (21) and (23) are satisfied at 𝑇 = 𝑇 + 𝜃Δ𝑇 , with Equations (25-1), (25-2), and (27), we obtain:

A𝒖𝑛+𝜃 = B𝒖𝑛 (29-1)

The equation for estimating the states at 𝑇 = 𝑇 + Δ𝑇 (at the next (𝑛 + 1)-th step) is

𝒖𝑛+1 = C𝒖𝑛 + D𝒖𝑛+𝜃, (29-2)

where 𝒖𝑛, 𝒖𝑛+1, and 𝒖𝑛+𝜃 are listing vectors of the state variables at 𝑇 = 𝑇 , 𝑇 + 𝜃Δ𝑇 , and 𝑇 + Δ𝑇 , respectively.

𝒖𝑛 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

{
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇{
(𝜃Δ𝑇 )2

∘∘
𝑈

N

𝑠

}||||||𝑇{
(𝜃Δ𝑇 )𝑈̊N

𝑠

}||||𝑇{
(𝜃Δ𝑇 )𝑃̊ E}||||𝑇{

𝑃 E}|||𝑇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, 𝒖𝑛+1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

{
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇+Δ𝑇{
(𝜃Δ𝑇 )2

∘∘
𝑈

N

𝑠

}||||||𝑇+Δ𝑇{
(𝜃Δ𝑇 )𝑈̊N

𝑠

}||||𝑇+Δ𝑇{
(𝜃Δ𝑇 )𝑃̊ E}||||𝑇+Δ𝑇{

𝑃 E}|||𝑇+Δ𝑇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, 𝒖𝑛+𝜃 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

{
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇+𝜃Δ𝑇{
(𝜃Δ𝑇 )2

∘∘
𝑈

N

𝑠

}||||||𝑇+𝜃Δ𝑇{
(𝜃Δ𝑇 )𝑈̊N

𝑠

}||||𝑇+𝜃Δ𝑇{
(𝜃Δ𝑇 )𝑃̊ E}||||𝑇+𝜃Δ𝑇{

𝑃 E}|||𝑇+𝜃Δ𝑇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (30)

The concrete forms of the coefficient matrices A, B, C, and D are summarized in Appendix A: Specific Form of Matri-
ces in Simultaneous Recursive Equations. By eliminating 𝒖𝑛+𝜃 from Equations (29-1–29-2), we obtain the simultaneous
recursive equation:

𝒖𝑛+1 = E𝒖𝑛,E = C + DA−1B, (31)

where E is a real nonsymmetric diagonalizable coefficient matrix.
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2.3.3 | 𝛄𝛉1 Criterion

Assuming SWCE (Equation (23)) is satisfied at 𝑇 = 𝑇 + 𝜃Δ𝑇 and utilizing the formulas of Wilson-𝜃 (Equations (25-1) and
(25-2)):

−𝛾𝜃1[L]

{
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇+𝜃Δ𝑇

+ (𝜃Δ𝑇 )[H]
{
𝑃 E}|||𝑇+𝜃Δ𝑇

= [L]
{
(𝜃Δ𝑇 )𝑈̊N

𝑠

}||||𝑇 + 𝛾𝜃2[L]

{
(𝜃Δ𝑇 )2

∘∘
𝑈

N

𝑠

}||||||𝑇 + 𝛾𝜃3[L]

{
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇 ,
(32)

where
𝛾𝜃1 = 1

6
− 1

2𝜃Δ𝑇

1
4ℎ2

e(1 + e)
1 + 𝐺𝑠e

, 𝛾𝜃2 = 1 − 1
𝜃Δ𝑇

1
4ℎ2

e(1 + e)
1 + 𝐺𝑠e

, 𝛾𝜃3 = 1
6

(
2 − 3

𝜃Δ𝑇

1
4ℎ2

e(1 + e)
1 + 𝐺𝑠e

)
, (33)

where Δ𝑇 = 𝑐𝑣Δ𝑡∕𝐻2 denotes the dimensionless time increment. If 𝛾𝜃1 becomes negative due to high permeability (small
dimensionless factor ℎ) or high temporal discretization resolution (smallΔ𝑇 ), sign inversion occurs in the first term of the
left-hand side of Equation (32), leading to the divergence of excess pore water pressure (i.e., a negative coefficient of consol-
idation, consistent with Terzaghi’s static theory of consolidation). According to Noda et al. [5], this phenomenon appears
to trigger illogical behavior in the u-p formulation (e.g., pore water absorption/drainage coupled with volumetric expan-
sion/compression of the soil skeleton). Notably, the lower limit of Δ𝑡 increases with a larger coefficient of permeability 𝑘,
making calculations in high-frequency ranges (which require smaller Δ𝑡 for accuracy) more challenging.

Rewriting the dimensionless expression of 𝛾𝜃1 from Equation (33) in dimensional form using Equations (16-2–16-7), we
obtain:

𝛾𝜃1 = 1
6
− 1

2𝜃Δ𝑡

𝜌𝑓𝑘

𝛾𝑤
(34)

The above equation is the same as Equation (1), indicating that the ratio 𝑘∕Δ𝑡 controls the possibility of u-p calculations.
Note that the specific form of 𝛾𝜃1 changes when assuming linearity of higher/lower-order derivatives of 𝑈𝑠, or using
alternative time integration methods (e.g., Newmark-𝛽).

2.3.4 | Procedure of Direct Numerical Stability Evaluation Using Spectral Radius

The eigenvalue problem for the matrix E in the simultaneous recursive equation (Equation 31) is defined as:

E𝒑𝑖 = 𝜆𝑖𝒑𝑖,E = P−1ΛP, (35)

where Λ = diag
(
𝜆1, 𝜆2, · · · , 𝜆𝑁

)
is the diagonal matrix of E, whose components 𝜆𝑖 (𝑖 = 1, · · · , 𝑁) are the eigenvalues of E,

P =
[
𝒑1,𝒑2, · · · ,𝒑𝑁

]
is the matrix of eigenvectors 𝒑𝑖 (𝑖 = 1, · · · , 𝑁), 𝑁 is the size of E. The eigenvectors

(
𝒑1,𝒑2, · · · ,𝒑𝑁

)
are

normalized by their respective 2-norm (i.e., ‖‖𝒑𝑖
‖‖ = 1, 𝑖 = 1, · · · , 𝑁 , || ||: the 2-norm vector-to-scalar operator) and sorted

in descending order of the magnitude of eigenvalues
(||𝜆1

||, ||𝜆2
||, · · · , ||𝜆𝑁

||), where | | denotes the absolute value operator
of scalars.

For the simultaneous recursive equation (Equation 31), the explicit formula for 𝒖𝑛 can be expressed using the initial state
vector 𝒖0 as follows:

𝒖𝑛 = E𝑛𝒖0,E𝑛 = P−1Λ𝑛P, (36)

Decomposing the initial state vector in the direction of eigenvectors as 𝒖0 = 𝒃1 + 𝒃2 + · · · + 𝒃𝑁 (i.e., direct sum of eigen-
vectors; 𝒃𝑘: is a component of 𝒖0 in the direction of eigenvector 𝒑𝑘, 𝑘 = 1, 2, · · · , 𝑁), 𝒖𝑛 can be expressed as a superposition
of eigenvectors multiplied by eigenvalues during time integration as:

𝒖𝑛 = 𝜆𝑛
1𝒃1 + 𝜆𝑛

2𝒃2 + · · · + 𝜆𝑛
𝑁
𝒃𝑁. (37)

Thus, the convergence of 𝒖𝑛 at 𝑛 → ∞ is ensured for any initial value 𝒖0 if the magnitude of all eigenvalues ||𝜆𝑖
|| (𝑖 =

1, 2, · · · , 𝑁) is less than 1. Defining the spectral radius 𝜌(E) as:

𝜌(E) = max
(||𝜆1

||, ||𝜆2
||, · · · , ||𝜆𝑁

||), (38)
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The convergence condition for the simultaneous recursive equation (Equation 31) can be expressed as:

𝜌(E) ≤ 1… Stable. (39)

Equation (39) represents the stability criterion based on the spectral radius.

3 | Analysis Results

3.1 | Preliminary Study

Through the single-phase analysis following Bathe and Wilson [14], as detailed in Appendix A: Single-Phase Stability
Analysis, the validity of the proposed stability analysis has been confirmed, including the reliability of the solver used for
eigenvalue analysis.

3.2 | Investigation on Stable Range of u-p

To explore the stable range of the u-p formulation, the spectral radius of the matrix E in Equation (31) was calculated
by varying the permeability coefficient 𝑘 and the time increment Δ𝑡 using Wilson-𝜃. The number of elements was set to
𝑚= 10, which was deemed sufficient for convergence with respect to mesh refinement, as preliminary analyses by the
authors confirmed that further increasing the number of elements did not affect the spectral radius. Typical parameter
values were used: Young’s modulus 𝐸 = 104 kPa, Poisson’s ratio 𝜈 = 0.30, thickness 𝐻 = 1 m, specific gravity 𝐺𝑠 = 2.65,
void ratio e= 1.0, and the parameter 𝜃 = 1.40 for Wilson-𝜃, which ensures unconditional convergence for a single-phase
linear system. The effects of these parameters are discussed in Section 4.1. For the eigenvalue analysis of the matrix E, the
nonsymmetric eigenvalue problem solver from LAPACK (Intel Math Kernel Library) was employed.

Figure 2a shows the distribution of the spectral radius 𝜌(E) with respect to the permeability coefficient 𝑘 and the time
increment Δ𝑡. A mountain chain-shaped distribution of 𝜌(E) is observed. By binarizing 𝜌(E) with the threshold value
1.0+ 𝛿 (𝛿: a sufficiently small value, e.g., 10−4), the stable/unstable region of u-p in the 𝑘–Δ𝑡 space is illustrated in Figure 3.
The green region in Figure 3 indicates the stable region of u-p (𝜌(E) ≤ 1), while the pale green region indicates the unstable
region (𝜌(E) > 1).

As shown in Figure 3, the band-shaped unstable region of u-p (𝜌(E) > 1, henceforth referred to as the “unstable band”)
is clearly observed. Characteristically, the unstable band bends at the center of the figure; it distributes diagonally in the
lower region (low-permeability range) and vertically in the upper region (high-permeability range).

• In region (I), located in the low-permeability range of Figure 3, the u-p calculation becomes unstable when the ratio
of the permeability coefficient to the time increment 𝑘∕Δ𝑡 exceeds a certain threshold. The red threshold line in
Figure 3 represents the 𝛾𝜃1 criterion proposed by Noda et al. [5], where the lower and upper regions correspond to the
applicable and inapplicable ranges of u-p, as estimated by the criterion. Comparing this criterion with the boundary
line between the stable and unstable regions, determined through stability analysis, shows that the judgment based
on the criterion is moderately effective in the low-permeability range.

• In region (II), located in the high-permeability range of Figure 3, the possibility of u-p calculations depends entirely
on the time increment Δ𝑡. In this region, the 𝛾𝜃1 criterion is completely inconsistent with the results of stability anal-
ysis. However, notably, stable calculations do not necessarily correspond to accurate solutions for dynamic soil-water
coupling simulations. A larger Δ𝑡 compromises accuracy, while a smaller Δ𝑡 leads to numerical divergence (i.e., a
limitation of u-p). Furthermore, even if the numerical solution matches the theoretical u-p solution, it may deviate
from the Full solution (u-w-p) due to the neglect of the relative acceleration of the fluid phase [4, 6].

• In region (III), located above the unstable band, 𝜌(E) ≃ 1 because there is almost no stepwise deformation due to an
extremely small time increment 𝛥t < 10−8 s. This means a large number of calculation steps is required to capture the
targeted phenomena. Moreover, even if the calculation is stable, the correspondence of the u-p solution to the Full
solution is not guaranteed due to the high permeability [6]. Thus, this region is considered substantially inapplicable
for u-p and is excluded from further discussion in the following sections.

Next, let us discuss why the threshold between the stable and unstable ranges of u-p bends at a certain permeability coef-
ficient. As mentioned in Section 2.2, the one-dimensional theoretical solution of u-p is expressed as the superposition of
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FIGURE 2 | Spectral radius distribution on k–Δt space.

eigenmodes in Equations (18-1) and (18-2), where each eigenmode exhibits either overdamped or underdamped oscilla-
tion depending on the permeability coefficient 𝑘. Figure 4 illustrates the theoretical solution of u-p with respect to k. When
the solution includes at least one mode exhibiting overdamping (𝛽1 < ℎ#; 𝑘 < 3.2 cm/s), it demonstrates quasi-static con-
solidation. Conversely, when all eigenmodes exhibit underdamping (𝛽1 > ℎ#; 𝑘 > 3.2 cm/s), the solution demonstrates
damped oscillation. Notably, the theoretical solution is independent of the time increment Δ𝑡. Additionally, the 𝛽𝑛 = ℎ#

line in Figure 3 represents the condition of critical damping for the n-th mode (𝑛 = 1, 2, · · ·), that is, where the n-th mode
exhibits overdamped or underdamped oscillation below or above the threshold line, respectively. Specifically, the 𝛽1 = ℎ#

line in Figure 3, which delineates whether the theoretical solution exhibits static consolidation or damped oscillation,
aligns with the bend in the threshold. Thus, we hypothesize that the bending of the threshold is caused by changes
in the diverging eigenmodes due to the transition of the theoretical solution between static consolidation and damped
oscillation.

3.3 | Investigation on Eigenmodes of Simultaneous Recursive Equation

3.3.1 | Stable Region

Before focusing on the diverging eigenmodes, the eigenvalues and eigenmodes within the stable region were preliminar-
ily investigated. At point A (k= 10−5 cm/s, Δt = 10−3 s) in Figure 3, located in the stable region (I) beneath the 𝛽1 = h#

threshold exhibiting static consolidation, the magnitudes of the 1st–50th eigenvalues ||𝜆𝑖
|| (𝑖 = 1, · · · , 50) are listed in
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FIGURE 3 | Stable/unstable range of u-p on k–Δt space.

Figure 5. The absence of eigenvalues exceeding 1 (i.e., 𝜌(E) ≤ 1), ensures the convergence of the solution as 𝑇 → ∞. Addi-
tionally, the convergence speed of each mode is governed by the magnitude of the eigenvalue ||𝜆𝑖

||. Modes with smaller
eigenvalue magnitudes rapidly converge to zero, while modes with larger eigenvalue magnitudes closer to 1 persist dur-
ing the progression of time steps. For example, while the 11th mode (eigenvalue: 𝜆11 = 0.778) requires only 10 updates
to dissipate 90% of its original vector magnitude, the 1st mode (eigenvalue: 𝜆1 = 0.999999662) requires approximately 6.8
million updates to achieve the same degree of dissipation.

To understand the significant difference in convergence speed between the 11th and 1st modes, we compared the eigen-
vectors of the 11th and 1st modes 𝒑11 and 𝒑1. Figure 6 illustrates the 50 components of the eigenvectors 𝒑11 and 𝒑1,
representing the directions of these eigenvectors in a 50-dimensional space. Additionally, the correspondence of each
component of an eigenvector to a nodal or elemental variable is summarized in Table 1, based on the definition of the
state vector in Equation (30).

The eigenvector of the 11th mode 𝒑11, shown in Figure 6a, contains significant magnitudes of the dimensionless accel-

eration (𝜃Δ𝑇 )2
∘∘
𝑈𝑠 along with other derivative terms ((𝜃Δ𝑇 )3

∘∘∘
𝑈 𝑠, (𝜃Δ𝑇 )𝑈̊ 𝑠, and (𝜃Δ𝑇 )𝑃̊ ). In contrast, the eigenvector of

the 1st mode 𝒑1, shown in Figure 6b, prominently features the dimensionless pore water pressure 𝑃 while exhibiting

negligibly small magnitudes for (𝜃Δ𝑇 )2
∘∘
𝑈𝑠. Therefore, the 11th mode, with its small eigenvalue magnitude leading to

rapid convergence, corresponds to dynamic deformation, whereas the 1st mode, with an eigenvalue magnitude near 1
and persisting over time, corresponds to static consolidation.

The same discussion can also be applied to the other eigenmodes. In Figure 5, the degree of dynamics was

evaluated using the spatially maximum magnitude of the dimensionless acceleration
||||(𝜃Δ𝑇 )2

∘∘
𝑈𝑠

||||max
as an index

expressing the prominence of acceleration components in the respective eigenmodes. The 12th–50th eigenmodes,
which have small eigenvalue magnitudes and exhibit rapid convergence, are also dynamic modes containing significant
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FIGURE 4 | Theoretical solution of u-p (instantaneous load application).

magnitudes of acceleration in their eigenvectors, as shown in Figure 5. Conversely, the 2nd–10th modes and the

1st mode exhibit relatively negligible nodal acceleration magnitudes ((𝜃Δ𝑇 )2
∘∘
𝑈𝑠 < 10−9), indicating static consolida-

tion. Furthermore, we confirmed that the 1st–10th static eigenmodes correspond to the modes of Terzaghi’s static
consolidation:

• Comparing the eigenvalues of the 1st–10th eigenmodes shown in Figure 7, the lower-order modes have greater eigen-
value magnitudes than the higher-order modes, meaning that higher-order modes exhibit faster convergence.

• The distribution of dimensionless pressure 𝑃 (i.e., the 41st–50th components of an eigenvector), shown in Figure 8,
aligns with the behavior of the modes in Terzaghi’s theory of consolidation.

Hence, the convergence of the solution progresses in the following order: (1) dynamic modes, (2) higher-order static
modes, and (3) lower-order static modes. Notably, the persistent lower-order modes have larger eigenvalues in the simul-
taneous recursive equation, whereas the eigenvalues of these modes in Terzaghi’s static consolidation equation are com-
paratively small. Additionally, we confirmed that all eigenvalues are real and positive, ensuring that the time development
of the solution at any position exhibits a monotonic exponential decrease.

3.3.2 | Unstable Region

To understand the characteristics of numerical divergence in the unstable region (𝜌(E)> 1) shown in Figure 3, we
investigated the behavior of the diverging eigenmodes. Six points along the unstable band were selected: B1–B3 in the
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FIGURE 5 | Magnitude of eigenvalues ||𝜆𝑖
|| and spatially maximum magnitude of dimensionless nodal acceleration||||(𝜃Δ𝑇 )2

∘∘
𝑈𝑠

||||max
= max

𝑗=11,···,20

(|||𝑝𝑗𝑖 |||) of i-th eigenmode. * 𝑝
𝑗

𝑖
: j-th component of eigenvector i-th eigenmode defined as 𝑝

𝑗

𝑖
= 𝒑𝑖 ⋅ 𝒆𝑗

(𝑗 = 1, · · · , 50). * 𝒆𝑗 : unit vector orthogonal basis vector in 50th dimensional space satisfying 𝒆𝑗 ⋅ 𝒆𝑘 = 𝛿jk (𝑘 = 1, · · · , 50).

low-permeability range and B4–B6 in the high-permeability range. Focusing on the diverging eigenmode with the largest
eigenvalue magnitude (i.e., the 1st mode, henceforth referred to as “the most unstable eigenmode”), the conditions and
eigenvalues of the most unstable eigenmode 𝜆1 at points B1–B6 are summarized in Table 2. The eigenvector components
of the most unstable eigenmode 𝒑1 are shown in Figure 9.

3.3.2.1 | Common Features of Most Unstable Eigenmodes Between Low and Highly Permeable Ranges.
As shown in Table 2, the eigenvalues of the most unstable eigenmode are all real and negative. This indicates that
the sign of the components of the initial state vector along 𝒑1 alternates with each state update, while the ampli-
tude increases (similar to oscillating divergence in a geometric progression). Regarding the dimensionless pore water
pressure distribution (41st–50th components in Figure 9), pressures in adjacent elements exhibit opposite signs
(i.e., a checkerboard pattern of pore water pressure in the color map). These features—oscillating divergence in
the time history and the checkerboard-pattern pressure distribution—are indicative of numerical instability in u-p
calculations.

3.3.2.2 | Different Features of Most Unstable Eigenmodes Between Low and Highly Permeable Ranges.
Referring to Table 2, the eigenvalues of the 1st mode 𝜆1 at B1–B3 with the same 𝑘∕Δ𝑡 are identical, indicating that
the eigenvalue depends solely on k/Δt in the low-permeability range. Additionally, the corresponding eigenvectors 𝒑1
at B1–B3 are parallel in the 50-dimensional space (i.e., the matrix E is coaxial). Thus, the characteristics of the diverging
eigenmode are consistent in the low-permeability range. Conversely, 𝜆1 at B4–B6 with the same Δ𝑡 are also identical,
indicating that the eigenvalue depends only on Δt in the high-permeability range. Similarly, the parallelism of 𝒑1 among
B4–B6 suggests a unique diverging eigenmode in the high-permeability range.

International Journal for Numerical Methods in Engineering, 2025 15 of 33
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FIGURE 6 | Components of eigenvectors.

However, the directions of 𝒑1 at B1–B3 and B4–B6 in the 50-dimensional space are entirely different. As
shown in Figure 9, eigenvectors at B1–B3 in the low-permeability range predominantly feature pressure-related
components ((𝜃Δ𝑇 )𝑃̊ : 31st–40th, 𝑃 : 41st–50th components), with negligible displacement-related components

((𝜃Δ𝑇 )3
∘∘∘
𝑈 𝑠: 1st–10th, (𝜃Δ𝑇 )2

∘∘
𝑈𝑠: 11th–20th, (𝜃Δ𝑇 )𝑈̊ 𝑠: 21st–30th components), thereby indicating that numerical

divergence in the low-permeability range is driven by the magnification of the checkerboard pressure distribu-
tion, with minimal deformation of the solid phase. In contrast, eigenvectors at B4–B6 in the high-permeability
range include significant deformation-related components, leading to numerical divergence in both displacement and
pressure.

The difference between the eigenvectors at B1–B3 and B4–B6 appears to be caused by the switching of the dominant
eigenmode at the bend in the unstable region. While this initially suggests that different eigenmodes diverge in the low-
and high-permeability ranges, Figure 2b reveals smooth transitions in eigenvalues rather than abrupt changes. This sug-
gests that the eigenvector undergoes a gradual rotation near the bend, driven by changes in the components of matrix E
as 𝑘 and Δ𝑡 vary along the unstable band.

3.3.2.3 | Nature of Illogical Phenomenon in Unstable Region of u-p. To investigate the illogical phenomena
violating the SWCE (mass conservation law of saturated soil) observed in the unstable range of u-p calculations, we exam-
ined the relationships among the distributions of the dimensionless volumetric strain rate 𝜀̊, its derivatives (defined in
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TABLE 1 | Correspondence of eigenvector components.

Component Variable

1 Dimensionless nodal jerk of solid phase Node 1 (𝜃Δ𝑇 )3𝑈̊ 1
𝑠

2 Node 2 (𝜃Δ𝑇 )3𝑈̊ 2
𝑠

⋮ ⋮ ⋮

10 Node 10 (𝜃Δ𝑇 )3 ̊𝑈 10
𝑠

11 Dimensionless nodal acceleration of solid phase Node 1 (𝜃Δ𝑇 )2𝑈̊ 1
𝑠

12 Node 2 (𝜃Δ𝑇 )2𝑈̊ 2
𝑠

⋮ ⋮ ⋮

20 Node 10 (𝜃Δ𝑇 )2 ̊𝑈 10
𝑠

21 Dimensionless nodal velocity of solid phase Node 1 (𝜃Δ𝑇 )𝑈̊ 1
𝑠

22 Node 2 (𝜃Δ𝑇 )𝑈̊ 2
𝑠

⋮ ⋮ ⋮

30 Node 10 (𝜃Δ𝑇 ) ̊𝑈 10
𝑠

31 Dimensionless elemental pore water pressure rate Element 1 (𝜃Δ𝑇 )𝑃 1

32 Element 2 (𝜃Δ𝑇 )𝑃 2

⋮ ⋮ ⋮

40 Element 10 (𝜃Δ𝑇 ) ̊𝑃 10

41 Dimensionless elemental pore water pressure rate Element 1 P1

42 Element 2 P2

⋮ ⋮ ⋮

50 Element 10 P10

FIGURE 7 | Eigenvalues of 1st—10th eigenmodes (magnified Figure 5 at green-boxed area).

Equation A20-2), and dimensionless pressure 𝑃 for the most unstable eigenmode in Figure 10. Cases B2 and B5 were
selected as representative points in the low- and high-permeability ranges, respectively.

The signs of the dimensionless volumetric strain rate 𝜀̊ and dimensionless pressure 𝑃 were found to be identical at each
element for both B2 and B5, indicating no violation of SWCE. However, the higher-order derivatives of the volumetric
strain

∘∘
𝜀 and

∘∘∘
𝜀 exhibited opposite signs to 𝑃 at each element for both B2 and B5, which might intuitively seem illogical.
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FIGURE 8 | Distribution of dimensionless pore water pressure 𝑃 .

TABLE 2 | Conditions and results of eigenvalue analysis at Points B1—B6.

Permeability coefficient
𝒌 (cm/s) Time increment (s) 𝒌∕𝚫𝒕 (cm/s2)

Eigenvalue 𝛌1 (maximum
magnitude)

B1 10−6.0 10−8.5 102.5 −1.69
B2 10−4.0 10−6.5 102.5 −1.69
B3 10−2.0 10−4.5 102.5 −1.69
B4 102.0 10−3.0 105.0 −2.09
B5 104.0 10−3.0 107.0 −2.09
B6 106.0 10−3.0 109.0 −2.09

FIGURE 9 | Components of eigenvectors* of diverging eigenmodes with maximum magnitude of eigenvalue. * Normalized so that
maximum magnitude of components is 1.

Noda et al. [5] noted that the left-hand side of the discretized SWCE (including inertial terms, Equation 32) is isomorphic
to that of the static SWCE and derived the 𝛾𝜃1 criterion based on the physical meaning of SWCE. However, the intuitively
derived 𝛾𝜃1 criterion provided just the “rough estimation” for judging instability, not ensured the strict satisfaction of
SWCE. The confusion of higher-order derivatives with the first-order derivative of displacement or volumetric strain
in the derivation of the 𝛾𝜃1 criterion could lead to misconceptions that SWCE is violated, even though SWCE is indeed
satisfied as part of the governing equations.

4 | Supplementary Discussions

In this section, investigations into the factors affecting the distribution of the unstable region are provided.

18 of 33 International Journal for Numerical Methods in Engineering, 2025

 10970207, 2025, 21, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.70164 by N
agoya U

niversity, W
iley O

nline L
ibrary on [07/10/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



FIGURE 10 | Comparison of dimensionless volumetric strain rate*, its derivatives*, and dimensionless pressure* of diverging eigen-
modes with maximum magnitude of eigenvalue. * Normalized so that the maximum magnitude of each variable is 1.

4.1 | Parametric Studies

4.1.1 | Effects of Young’s Modulus 𝑬, Poisson’s Ratio 𝝂, and Thickness 𝑯

Young’s modulus 𝐸 and Poisson’s ratio 𝜈 affect the one-dimensional stiffness 𝐸𝑐 = (1 − 𝜈)𝐸∕{(1 + 𝜈)(1 − 2𝜈)}, which
corresponds to the reciprocal of the coefficient of volume compressibility 𝑚𝑣. Considering the definition of the
dimensionless factor ℎ in Equation (16-2) and the dimensionless time increment Δ𝑇 =

(
𝑐𝑣∕𝐻2)Δ𝑡 =

(
𝑘𝐸𝑐∕𝛾𝑤𝐻2)Δ𝑡

(c.f. Equation (10-1)) that constitutes the recursive matrix E in Equation (31), multiplying 𝐻 by 0.1 or 𝐸𝑐 by 100 is equiv-
alent to multiplying both 𝑘 and Δ𝑡 by 100 in terms of the components of the matrix E. Thus, the unstable band shifts
parallelly to the 𝛾𝜃1 criterion, as shown in Figures 11 and 12. Notably, the threshold in the low-permeability range is
independent of 𝐸, 𝜈, and 𝐻 , thereby confirming the validity of the 𝛾𝜃1 criterion, independent of 𝐸, 𝜈, and 𝐻 in the
low-permeability range.

4.1.2 | Effects of Specific Gravity 𝑮𝒔, Void Ratio e

Specific gravity 𝐺𝑠 and void ratio e have no significant effect on the unstable band. As shown in Figures 13 and 14, greater
values of 𝐺𝑠 and e tend to narrow the unstable band.

4.1.3 | Effect of Parameter 𝛉

Bathe and Wilson [14] derived the criterion 𝜃 > 1.37 to ensure unconditional convergence for the linear system of
single-phase materials. The stable region for the two-phase u-p cases in this study also varies with 𝜃, as shown in Figure 15.
When 𝜃 < 1.37, as depicted in Figure 15a,b, the stable region is eliminated, except for region (III) in Figure 3. Therefore,
the criterion 𝜃 > 1.37 remains valid as a prerequisite for the stability of two-phase systems.
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FIGURE 11 | Effect of Young’s modulus (= 0.30, = 1 m, = 2.65, = 1.0, = 1.40).

FIGURE 12 | Effect of thickness (= 104 kPa, = 0.30, = 2.65, = 1.0, = 1.40).

4.2 | Effects of Taking Rate-Type of Governing Equations and Order of Time Integration
Formula

In this section, we investigate the effects of adopting the rate-type governing equations and the order of the time inte-
gration formula. Table 3 presents four combinations, Cases [1]–[4], of governing equations and the assumed linearity of
the time-integration formula. The governing equations and time-integration formula not used in the earlier sections are
defined as:

EOM of mixture:

e
(
𝐺𝑠 + e

)
1 + 𝐺𝑠e

∘∘
𝑈𝑠 − 4ℎ2 𝜕

2𝑈𝑠

𝜕𝑍2 + 4ℎ2 𝜕𝑃

𝜕𝑍
= 0, 0 < 𝑍 < 1, 𝑡 > 0, (40)

SWCE (Rate-type):

e(1 + e)
1 + 𝐺𝑠e

𝜕
∘∘∘
𝑈 𝑠

𝜕𝑍
− 4ℎ2 𝜕

∘∘
𝑈𝑠

𝜕𝑍
+ 4ℎ2 𝜕

2𝑃̊

𝜕𝑍2 = 0, 0 < 𝑍 < 1. (41)

Linearity of the dimensionless acceleration term:{
∘∘
𝑈

N

𝑠

}||||||𝑇+𝜏 =
{

∘∘
𝑈

N

𝑠

}||||||𝑇 + 𝜏

𝜃Δ𝑇

⎛⎜⎜⎝
{

∘∘
𝑈

N

𝑠

}||||||𝑇+𝜃Δ𝑇

−

{
∘∘
𝑈

N

𝑠

}||||||𝑇
⎞⎟⎟⎠, 0 ≤ 𝜏 ≤ 𝜃Δ𝑇 . (42)
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FIGURE 13 | Effect of specific gravity (= 104 kPa, = 0.30, = 1 m, = 1.0, = 1.40).

FIGURE 14 | Effect of void ratio (= 104 kPa, = 0.30, = 1 m, = 2.65, = 1.40).

The EOM of mixture (Equation (40)) and the time-integration formula (Equation (42)) correspond to Equation (11-1) and
Equation (24), respectively, with a reduced order of dimensionless time derivatives. The rate-type SWCE (Equation (41))
is derived by taking the dimensionless time derivative of Equation (11-2). Additionally, Case [3] represents the basic
combination discussed in the earlier section.

The results for Cases [1]–[4] are plotted in Figure 16, yielding the following observations:
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FIGURE 15 | Effect of (= 104 kPa, = 0.30, = 1 m, = 2.65, = 1.0).

TABLE 3 | Combinations of governing equations and linearity time integration formulae.

Governing equations Assumed linearity in time integration formulae

Case EOM of mixture SWCE Linearity (displacement) Linearity (pressure)

[1] — — Acceleration
∘∘
𝑈𝑠 Pressure rate 𝑃̊

[2] — — Jerk
∘∘∘
𝑈 𝑠 Pressure rate 𝑃̊

[3] Rate-type — Jerk
∘∘∘
𝑈 𝑠 Pressure rate 𝑃̊

[4] Rate-type Rate-type Jerk
∘∘∘
𝑈 𝑠 Pressure rate 𝑃̊

• Comparing [3] in Figure 16a with [1] in Figure 16c: Simultaneously increasing the orders of the EOM and
the time-integration formula does not significantly affect the global unstable region, although an unstable
region appears in the low-permeability range with large time increments. It suggested that the instability
appeared when adopting the “rate-type” EOM persists even when adopting a standard second-order EOM without
jerk term.

• Comparing [4] in Figure 16c with [3] in Figure 16d: Adopting the rate-type SWCE along with the EOM does not result
in significant changes in stability, despite the emergence of an unstable region in the low-permeability range with
large time increments.

• Comparing [2] in Figure 16c with [1] in Figure 16a: A significant loss of stability occurs due to the excessive use of a
higher-order time-integration formula applied to governing equations of ordinary order.
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FIGURE 16 | Effect of combination of ordinary/rate-type governing equations with time integration formula assuming linearity of
dimensionless acceleration/jerk term of solid phase (E𝜈 = 104 kPa, = 0.30, = 1 m, = 2.65, = 1.0, = 1.40).

4.3 | Newmark’s 𝛃 Method

Here, we demonstrate that the same tendency of numerical stability can be observed when applying Newmark-𝛽 instead
of Wilson-𝜃, as supplementary information.

4.3.1 | Formulation

Assuming the interpolation of the dimensionless jerk term between 𝑇 = 𝑇 and 𝑇 = 𝑇 + Δ𝑇 as an extension of Newmark-𝛽
for the jerk term:

{
∘∘∘
𝑈

N

𝑠

}||||||𝑇+𝜏 =
{

∘∘∘
𝑈

N

𝑠

}||||||𝑇 + 𝑔(𝜏)
⎛⎜⎜⎝
{

∘∘∘
𝑈

N

𝑠

}||||||𝑇+Δ𝑇

−

{
∘∘∘
𝑈

N

𝑠

}||||||𝑇
⎞⎟⎟⎠. (43)
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FIGURE 17 | Comparison of implicit time integration formulae (= 104 kPa, = 0.30, = 1 m, = 2.65, = 1.0).

Dimensionless time integration of Equation (32) sequentially leads to:{
(Δ𝑇 )2

∘∘
𝑈

N

𝑠

}||||||𝑇+Δ𝑇

=

{
(Δ𝑇 )2

∘∘
𝑈

N

𝑠

}||||||𝑇 + (1 − 𝛾)

{
(Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇 + 𝛾

{
(Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇+Δ𝑇

, (44-1)

{
(Δ𝑇 )𝑈̊N

𝑠

}||||𝑇+Δ𝑇

=
{
(Δ𝑇 )𝑈̊N

𝑠

}||||𝑇 +

{
(Δ𝑇 )2

∘∘
𝑈

N

𝑠

}||||||𝑇 +
(1

2
− 𝛽

){
(Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇 + 𝛽

{
(Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇+Δ𝑇

, (44-2)

where 𝛾 and 𝛽 are parameters from Newmark-𝛽 depending on 𝑔(𝜏). Setting 𝑔(𝜏) = 1∕2 corresponding to the averaged
constant “jerk” method for the rate-type equation (corresponding to the averaged constant acceleration method for
non-rate-type equations), results in 𝛾 = 1∕2, 𝛽 = 1∕4, ensuring unconditional stability [18]. The trapezoidal rule for
dimensionless pressure can be expressed as:

{
𝑃 E}|||𝑇+Δ𝑇

−
{
𝑃 E}|||𝑇 = 1

2

({
(𝜃Δ𝑇 )𝑃̊ E}||||𝑇 +

{
(𝜃Δ𝑇 )𝑃̊ E}||||𝑇+Δ𝑇

)
. (45)

Assuming Equations (21) and (23) are satisfied at dimensionless time 𝑇 = 𝑇 + Δ𝑇 with Equations (44-1), (44-2), and (45),
the relation between the states at 𝑇 = 𝑇 (at the 𝑛-th step) and 𝑇 = 𝑇 + Δ𝑇 (at (𝑛 + 1)-th step) becomes:

F𝒖𝑛+1 = G𝒖𝑛. (46)

Therefore,
𝒖𝑛+1 = E𝒖𝑛,E = F−1G, (47)

where the concrete forms of the matrices F and G are included in Appendix A: Specific Form of Matrices in Simultaneous
Recursive Equations.

4.3.2 | Results

We investigated the spectral radius of the matrix E in Equation (47) using Newmark’s 𝛽 method setting 𝛾 = 0.50 and
𝛽 = 0.25 as parameters to achieve unconditional convergence for a single-phase system [18]. The stable/unstable range is
plotted in Figure 17b.

Compared with Wilson-𝜃 in Figure 17a, Newmark-𝛽 exhibits a similar bending unstable band. However, the unstable band
obtained by Newmark-𝛽 is thicker than that of Wilson-𝜃. Therefore, Wilson-𝜃 demonstrates superior numerical stability
compared to Newmark-𝛽.
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Additionally, the stability criterion for Newmark-𝛽 can be derived similarly to the 𝛾𝜃1 criterion for Wilson-𝜃 as

𝛾𝛽1 = 𝛽 − 𝛾

Δ𝑡

𝜌𝑓𝑘

𝛾𝑤
> 0, 𝑘

Δ𝑡
<

𝛽𝛾𝑤

𝛾𝜌𝑓
… Stable (48)

Assuming linearity of the jerk term, the stability threshold 𝛾𝛽1 = 0, plotted in Figure 17b, is parallel to the boundary of
the stable and unstable regions in the low-permeability range.

5 | Conclusion

This study investigated the stable range of u-p using the spectral radius of the simultaneous recursive equation. The main
findings are as follows:

• The “band-shaped” unstable region of u-p (unstable band) on the permeability coefficient 𝑘-time increment Δ𝑡 plane
was identified.

• The band bent at the threshold between the overdamped and underdamped regions of the u-p theoretical solution.
The numerical stability of u-p depended on 𝑘∕Δ𝑡 in the low-permeability range (overdamped region) and on Δ𝑡 in
the high-permeability range (underdamped region).

• The rotation of the eigenvector of the diverging eigenmode near the bend led to significant differences in the nature
of numerical divergence between the low- and high-permeability ranges. In the low-permeability range, only diverg-
ing oscillations of the checkerboard pressure distribution were observed, whereas numerical divergence in the
high-permeability range was accompanied by the divergence of solid-phase deformation.

• The 𝛾𝜃1 criterion proposed by Noda et al. [5], which evaluates the feasibility of u-p-based numerical simulations based
on 𝑘∕Δ𝑡, was generally valid only in the low-permeability range. Although the illogical phenomenon underlying the
𝛾𝜃1 criterion—namely, the violation of SWCE—was not observed in the diverging eigenmode, a tendency for illogical
distributions was evident in the higher-order derivatives of volumetric strain.

• Supplementary findings regarding the appearance of the unstable region of u-p were as follows:
∘ An increase in one-dimensional stiffness 𝐸𝑐 or a decrease in thickness 𝐻 equivalent to simultaneous increases in

the permeability coefficient 𝑘 and time increment Δ𝑡 in terms of numerical stability did not affect the threshold of
u-p in the low-permeability range. Changes in specific gravity 𝐺𝑠 and void ratio e had no significant impact on the
unstable region. The condition for unconditional stability of Wilson-𝜃 𝜃 > 1.37 remained valid as a prerequisite
for stability in soil-water coupled analysis.

∘ Simultaneous increases in the orders of the EOM and the time-integration formula, as well as the adoption of the
rate-type SWCE alongside the EOM, did not significantly affect the unstable region overall. However, the excessive
application of higher-order time-integration formulas to governing equations resulted in critical instability.

∘ Newmark-𝛽 exhibited the same general appearance of the unstable range of u-p as Wilson-𝜃.

In future work, we will demonstrate that the Full formulation exhibits unconditional stability in numerical simulations,
highlighting its versatile applicability. Furthermore, the discrepancies between the u-p and Full formulations as condi-
tions approach the unstable band will be examined in greater detail.
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Appendix A

Detailed Derivation of Discretized Governing Equation With Concrete Forms of Matrices and Vectors

Derivation of Discretized Dimensionless Rate-Type EOM

Linear interpolations of the dimensionless displacement 𝑈𝑠(𝑍, 𝑇 ) and the arbitrary dimensionless function 𝛿V(𝑍, 𝑇 ) in an element are
written as:

𝑈𝑠(𝑍, 𝑇 ) =
2∑

𝑘=1
𝑁 (𝑘)(𝑍)𝑈 (𝑘)

𝑠
(𝑇 ) = [𝑁]

{
𝑈se

}
, (A1-1)

𝛿V(𝑍, 𝑇 ) =
2∑

𝑘=1
𝑁 (𝑘)(𝑍)𝑈 (𝑘)

𝑠
(𝑇 ) = [𝑁]

{
𝛿V𝑒

}
, (A1-2)

where 𝑁 (𝑘) represents the shape function of an element written as follows:

𝑁 (1)(𝑍) = 𝑍 (2) −𝑍

Δ𝑍
,𝑁 (2)(𝑍) = 𝑍 −𝑍 (1)

Δ𝑍
, (A2)

Δ𝑍 = 𝑍 (2) −𝑍 (1) is the thickness of the element with the superscript (𝑘) (𝑘 = 1, 2) denoting the local node numbers at the element,
[𝑁],

{
𝑈se

}
, and

{
𝛿V𝑒

}
are the shape function matrix and the element-wise coefficient vectors expressed as:

[𝑁] =
[
𝑁 (1) 𝑁 (2)

]
,
{
𝑈se

}
=

{
𝑈 (1)

𝑠

𝑈 (2)
𝑠

}
,
{
𝛿V𝑒

}
=

{
𝛿𝑉 (1)

𝛿𝑉 (2)

}
. (A3)

The correspondence of the shape functions of 𝑈𝑠 and 𝛿V in Equations (A1-1) and (A1-2) follows the Galerkin method. The spatial
gradients of 𝑈𝑠 and 𝛿V are written with the [𝐵] matrix as:

𝑑𝑈𝑠

dZ
(𝑍, 𝑇 ) =

2∑
𝑘=1

𝑑𝑁 (𝑘)(𝑍)
dZ

𝑈 (𝑘)
𝑠

(𝑇 ) = [𝐵]
{
𝑈se

}
, (A4-1)

d𝛿V
dZ

(𝑍, 𝑇 ) =
2∑

𝑘=1

𝑑𝑁 (𝑘)(𝑍)
dZ

𝑈 (𝑘)
𝑠

(𝑇 ) = [𝐵]
{
𝛿V𝑒

}
, (A4-2)

where
[𝐵] =

[
𝑑𝑁 (1)

dZ
𝑑𝑁 (2)

dZ

]
. (A5)

Thus, the weak form of the dimensionless rate-type EOM Equation (20) is written as:

{𝛿V∗}T

(
e
(
𝐺𝑠 + e

)
1 + 𝐺𝑠e

[
M∗]{∘∘∘

𝑈

∗

𝑠

}
+ 4ℎ2[K∗]{𝑈̊

∗
𝑠

}
− 4ℎ2[L∗]T

{
𝑃̊

∗})
= 0, (A6)

where
{
𝑈 ∗

𝑠

}
, {𝛿V∗}, and {𝑃 ∗} denote the extended coefficient vectors expressed as:

{
𝑈 ∗

𝑠

}
=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝑈 0
𝑠

𝑈 1
𝑠

𝑈 2
𝑠

⋮

𝑈𝑚−1
𝑠

𝑈𝑚
𝑠

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
, {𝛿V∗} =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝛿V0

𝛿V1

𝛿V2

⋮

𝛿V𝑚−1

𝛿V𝑚

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
, {𝑃 ∗} =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑃 1

𝑃 2

𝑃 3

⋮

𝑃𝑚

⎫⎪⎪⎪⎬⎪⎪⎪⎭
, (A7)
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where
[
M∗], [K∗], and

[
L∗] are the extended coefficient matrices denoted as:

[
M∗] = ∑

𝑒

[
M𝑒

]
= Δ𝑍

6

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 1
1 4 1

1 4 1
1 ⋱ 1

1 4 1
1 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (A8-1)

[
K∗] = ∑

𝑒

[
K𝑒

]
= 1

Δ𝑍

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −1
− 1 2 −1

−1 2 −1
− 1 ⋱ −1

− 1 2 −1
− 1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (A8-2)

[
L∗] = ∑

𝑒

[
L𝑒

]
=

⎡⎢⎢⎢⎢⎢⎢⎣

− 1 1
−1 1

⋱

− 1 1
− 1 1

⎤⎥⎥⎥⎥⎥⎥⎦
, (A8-3)

where
[
M𝑒

]
,
[
K𝑒

]
, and

[
L𝑒

]
represent the local mass, stiffness, and displacement-volume change converter matrices of each element.

[
M𝑒

]
= ∫

𝑋(2)

𝑋(1)
[𝑁]T[𝑁]dX = Δ𝑍

6

[
2 1
1 2

]
, (A9-1)

[
K𝑒

]
= ∫

𝑋(2)

𝑋(1)
[𝐵]T[𝐵]dX = 1

Δ𝑍

[
1 −1
−1 1

]
, (A9-2)

[
L𝑒

]
= ∫

𝑋(2)

𝑋(1)
[𝐵]dX =

[
−1 1

]
. (A9-3)

Considering the Dirichlet boundary condition in Equation (15-1), that is, 𝑈𝑠(0, 𝑇 ) = 𝑈 0
𝑠
= 0, and the requirement for the dimensionless

arbitrary function 𝛿V(0, 𝑇 ) = 𝛿V0 = 0, Equation (A6) becomes

{
𝛿𝑉 N}T

(
e
(
𝐺𝑠 + e

)
1 + 𝐺𝑠e

[M]

{
∘∘∘
𝑈

N

𝑠

}
+ 4ℎ2[K]

{
𝑈̊

N
𝑠

}
− 4ℎ2[L]T

{
𝑃̊

E})
= 0, (A10)

where
{
𝑈N

𝑠

}
,
{
𝛿VN}, and

{
𝑃 E} denote the global coefficient vectors:

{
𝑈N

𝑠

}
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑈 1
𝑠

𝑈 2
𝑠

⋮

𝑈𝑚−1
𝑠

𝑈𝑚
𝑠

⎫⎪⎪⎪⎬⎪⎪⎪⎭
,
{
𝛿VN} =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝛿V1

𝛿V2

⋮

𝛿V𝑚−1

𝛿V𝑚

⎫⎪⎪⎪⎬⎪⎪⎪⎭
,
{
𝑃 E} =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑃 1

𝑃 2

⋮

𝑃𝑚−1

𝑃𝑚

⎫⎪⎪⎪⎬⎪⎪⎪⎭
, (A11)

where the global mass, stiffness, and displacement-volume change converter matrices are denoted as [M], [K], and [L], respectively:

[M] = Δ𝑍

6

⎡⎢⎢⎢⎢⎢⎢⎣

4 1
1 4 1

1 ⋱ 1
1 4 1

1 2

⎤⎥⎥⎥⎥⎥⎥⎦
, (A12-1)
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[K] =
∑
𝑒

[
K𝑒

]
= 1

Δ𝑍

⎡⎢⎢⎢⎢⎢⎢⎣

2 −1
−1 2 −1

−1 ⋱ −1
− 1 2 −1

−1 1

⎤⎥⎥⎥⎥⎥⎥⎦
, (A12-2)

[L] =
∑
𝑒

[
L𝑒

]
=

⎡⎢⎢⎢⎢⎢⎢⎣

1
− 1 1

⋱

− 1 1
− 1 1

⎤⎥⎥⎥⎥⎥⎥⎦
, (A12-3)

where the components of these matrices were treated considering the boundary conditions. Considering the arbitrariness of
{
𝛿𝑉 N},

Equation (21) was obtained.

Formulation of Dimensionless Physical Model of Seepage

We obtained the discretization of the diffusion term, that is, the third term of Equation (11-2), based on the method proposed by
Christian and Tamura. Focusing on the 𝑖-th element and the adjacent (𝑖 + 1)-th element shown in Figure A1, the dimensionless averaged
flow rates from the center of the 𝑖-th element toward the boundary 𝑊 (𝑖) and from the boundary toward the center of the (𝑖 + 1)-th
element 𝑊 (𝑖+1) can be expressed as:

𝑊 (𝑖) = −𝑃 (𝑐) − 𝑃 𝑖

Δ𝑍∕2
− e(1 + e)

1 + 𝐺𝑠e
1

4ℎ2

∘∘
𝑈

(𝑐)

𝑠
, (A13-1)

𝑊 (𝑖+1) = −𝑃 𝑖+1 − 𝑃 (𝑐)

Δ𝑍∕2
− e(1 + e)

1 + 𝐺𝑠e
1

4ℎ2

∘∘
𝑈

(𝑐)

𝑠
, (A13-2)

where 𝑃 𝑖 denotes the dimensionless pressure at the 𝑖-th element, 𝑃 (𝑐) represents the dimensionless pressure on the boundary, and
∘∘
𝑈

(𝑐)

𝑠

is the dimensionless solid acceleration at the boundary. From the continuity equation:

𝑊 (𝑖+1) = 𝑊 (𝑖). (A14)

Substituting Equations (A13-1) and (A13-2) into Equation (A14), we obtained the dimensionless boundary pressure 𝑃 (𝑐) as:

𝑃 (𝑐) = 𝑃 𝑖 + 𝑃 𝑖+1

2
. (A15)

FIGURE A1 | Christian and Tamura’s method.
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For the hydraulic boundary pressures at each end of the domain:

𝜕𝑃 (𝑐)

𝜕𝑍
= 0 at 𝑍 = 𝑍1 = 0, (A16-1)

𝑃 (𝑐) = 0 at 𝑍 = 𝑍𝑚+1 = 1. (A16-2)

Thus, the spatial integration of the diffusion term at the 𝑖-th element (𝑍(1) ≤ 𝑍 ≤ 𝑍 (2)) can be calculated as:

∫
𝑍(2)

𝑍(1)

𝜕2𝑃

𝜕𝑍2 dX = 𝜕𝑃

𝜕𝑍

||||𝑍(2)
− 𝜕𝑃

𝜕𝑍

||||𝑍(1)
=

𝑃 |𝑍(2) − 𝑃 𝑖

Δ𝑍∕2
−

𝑃 𝑖 − 𝑃 |𝑍(1)

Δ𝑍∕2
=

⎧⎪⎨⎪⎩
−𝑃 1+𝑃 2

Δ𝑍
(elem 1)

𝑃 𝑖−1−2𝑃 𝑖+𝑃 𝑖+1

Δ𝑍
(elem 2 ∼ 𝑚 − 1)

𝑃𝑚−1−3𝑃𝑚

Δ𝑍
(elem 𝑚)

. (A17)

Derivation of Discretized Dimensionless SWCE

Substituting the linear interpolation of 𝑈𝑠 and the discretization of 𝑃 from Equations (A1-1) and (A17), Equation (22) can be written as:

− e(1 + e)
1 + 𝐺𝑠e

[L]

{
∘∘
𝑈

N

𝑠

}
+ 4ℎ2[L]

{
𝑈̊

N
𝑠

}
+ 4ℎ2[H]

{
𝑃 E} = 0, (A18)

where H is the discretized Laplacian operator matrix expressed as:

[H] = 1
Δ𝑍

⎡⎢⎢⎢⎢⎢⎢⎣

1 −1
−1 2 −1

−1 2 −1
⋱

−1 3

⎤⎥⎥⎥⎥⎥⎥⎦
. (A19)

Considering the Dirichlet boundary condition in Equation (13-1), we obtained Equation (22).

Calculation of Elemental Dimensionless Volumetric Strain and Its Derivatives

Defining compression as positive, the elemental volumetric strain of the i-th element, 𝜀𝑖, can be calculated as the axial strain in the
one-dimensional case as:

𝜀𝑖 =
𝑈𝑖+1

𝑠
− 𝑈𝑖

𝑠

Δ𝑍
, (A20-1)

where its derivative (strain rate and higher-order terms) can be calculated as:

𝜀̊𝑖 =
𝑈̊

𝑖+1
𝑠

− 𝑈̊
𝑖

𝑠

Δ𝑍
,
∘∘
𝜀
𝑖

=

∘∘
𝑈

𝑖+1

𝑠
−
∘∘
𝑈

𝑖

𝑠

Δ𝑍
,
∘∘∘
𝜀

𝑖

=

∘∘∘
𝑈

𝑖+1

𝑠
−
∘∘∘
𝑈

𝑖

𝑠

Δ𝑍
(A20-2)

Specific Form of Matrices in Simultaneous Recursive Equations

Wilson-𝛉

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1
(𝜃Δ𝑇 )2

e(𝐺𝑠+e)
1+𝐺𝑠e

[M] [0] 4ℎ2[K] −4ℎ2[L]T [0]

[0] 1
𝜃Δ𝑇

e(1+e)
1+𝐺𝑠e

[L] −4ℎ2[L] [0] −4ℎ2(𝜃Δ𝑇 )[H]

− 1
2
[1] [1] [0] [0] [0]

− 1
6
[1] [0] [1] [0] [0]

[0] [0] [0] − 1
2
[1] [1]

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (A21-1)

B =

⎡⎢⎢⎢⎢⎢⎢⎣

[0] [0] [0] [0] [0]
[0] [0] [0] [0] [0]

1
2
[1] [1] [0] [0] [0]

1
3
[1] [1] [1] [0] [0]
[0] [0] [0] 1

2
[1] [1]

⎤⎥⎥⎥⎥⎥⎥⎦
, (A21-2)
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C =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

(
1 − 1

𝜃

)
[1] [0] [0] [0] [0](

1
𝜃
− 1

2𝜃2

)
[1] [1] [0] [0] [0](

1
2𝜃2 − 1

6𝜃3

)
[1] 1

𝜃
[1] [1] [0] [0]

[0] [0] [0]
(

1 − 1
𝜃

)
[1] [0]

[0] [0] [0]
(

1
𝜃
− 1

2𝜃2

)
[1] [1]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (A21-3)

D =

⎡⎢⎢⎢⎢⎢⎢⎣

1
𝜃
[1] [0] [0] [0] [0]

1
2𝜃2 [1] [0] [0] [0] [0]

1
6𝜃3 [1] [0] [0] [0] [0]
[0] [0] [0] 1

𝜃
[1] [0]

[0] [0] [0] 1
2𝜃2 [1] [0]

⎤⎥⎥⎥⎥⎥⎥⎦
, (A21-4)

where [0] is the zero matrix, and [1] is the identity matrix.

Newmark-𝛃

F =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1
(Δ𝑇 )2

e(𝐺𝑠+e)
1+𝐺𝑠e

[M] [0] 4ℎ2[K] −4ℎ2[L]T [0]

[0] 1
Δ𝑇

e(1+e)
1+𝐺𝑠e

[L] −4ℎ2[L] [0] 4ℎ2(Δ𝑇 )[H]

−𝛾[1] [1] [0] [0] [0]
−𝛽[1] [0] [1] [0] [0]
[0] [0] [0] − 1

2
[1] [1]

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (A22-1)

G =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

[0] [0] [0] [0] [0]
[0] [0] [0] [0] [0]

(1 − 𝛾)[1] [1] [0] [0] [0](
1
2
− 𝛽

)
[1] [1] [1] [0] [0]

[0] [0] [0] 1
2
[1] [1]

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (A22-2)

Single-Phase Stability Analysis

The single-phase analysis has been conducted preliminarily to ensure the validity of the proposed stability analysis.

Formulation of Single-Phase Analysis

The one-dimensional governing equation of single-phase analysis, that is, the wave equation considering damping, is expressed as:

...
𝑢𝑠 + 2𝜉c𝑢̈𝑠 − 𝑐2 𝜕

2𝑢̇𝑠

𝜕𝑧2 = 0, 0 < 𝑧 < 𝐻, 𝑡 > 0, (A23-1)

𝑐 =

√
𝐸𝑐

𝜌
, 𝜉 = 𝜁

2
√

𝜌𝐸𝑐

, (A23-2)

where 𝑢𝑠 denotes the displacement of the single-phase material, 𝜌, 𝜁 , 𝐸𝑐 denote density, attenuation coefficient, and stiffness of
the single-phase material. 𝑐 and 𝜉 are the wave celerity and damping ratio. Boundary and initial conditions are set referring to
Equations (7-1–7-2) as:

𝑢𝑠(𝑧 = 0, 𝑡) = 0, 𝑡 > 0, (A24-1)

𝜕𝑢𝑠

𝜕𝑧
(𝑧 = 𝐻, 𝑡) = − 𝑞

𝐸𝑐

, 𝑡 > 0. (A24-2)

𝑢𝑠(𝑧, 𝑡 = 0) = 0, 0 < 𝑧 < 𝐻. (A25)
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By defining the dimensionless variables:
𝑈𝑠 =

𝑢𝑠

𝑆
, 𝑇 = 𝑡

𝑡𝑝
, 𝑍 = 𝑧

𝐻
, 𝑆 =

qH
𝐸𝑐

, (A26)

The dimensionless form of Equations (A23-1), (A24-1), (A24-2), and (A25) can be obtained as follows:

∘∘∘
𝑈 𝑠 + 2𝛯C

∘∘
𝑈𝑠 − 𝐶2 𝜕

2𝑈̊ 𝑠

𝜕𝑋2 = 0, 0 < 𝑍 < 1, 𝑇 > 0, (A27-1)

𝐶 =
𝑐𝑡𝑝

𝐻
,𝛯 = 𝜉H, (A27-2)

𝑈𝑠(𝑍 = 0, 𝑇 ) = 0, 𝑇 > 0, (A28-1)

𝜕𝑈𝑠

𝜕𝑍
(𝑍 = 1, 𝑇 ) = 1, 𝑇 > 0. (A28-2)

𝑈𝑠(𝑍, 𝑇 = 0) = 0, 0 < 𝑍 < 1. (A29)

where 𝑈𝑠, 𝑇 , and 𝑍 represent the dimensionless displacement, time, and position, respectively, ( )∘ = 𝜕∕𝜕𝑇 is the dimensionless time
derivative; 𝑆 is the displacement due to the application of the static load 𝑞; 𝑡𝑝 is a representative time; 𝐶 and 𝛯 are the dimensionless
wave celerity and damping ratio, respectively. Taking the weak form of Equation (A27-1) and applying spatial discretization similarly
to Section 2.3.1, the discretized equation becomes:

[M]

{
∘∘∘
𝑈

N

𝑠

}
+ 2𝛯𝐶𝑝[M]

{
∘∘
𝑈

N

𝑠

}
+ 𝐶2

𝑝
[K]

{
𝑈̊

N
𝑠

}
= {0}. (A30)

Using Wilson’s 𝜃 method, the simultaneous recursive equation is derived in the same way as in Section 2.3.2, using Equations (26-1),
(26-2), and (27) as:

𝒖𝑛+1 = E𝒖𝑛,E = C + DA−1B, (A31)

where

𝒖𝑛 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

{
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇{
(𝜃Δ𝑇 )2

∘∘
𝑈

N

𝑠

}||||||𝑇{
(𝜃Δ𝑇 )𝑈̊N

𝑠

}||||𝑇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, 𝒖𝑛+1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

{
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇+Δ𝑇{
(𝜃Δ𝑇 )2

∘∘
𝑈

N

𝑠

}||||||𝑇+Δ𝑇{
(𝜃Δ𝑇 )𝑈̊N

𝑠

}||||𝑇+Δ𝑇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, 𝒖𝑛+𝜃 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

{
(𝜃Δ𝑇 )3

∘∘∘
𝑈

N

𝑠

}||||||𝑇+𝜃Δ𝑇{
(𝜃Δ𝑇 )2

∘∘
𝑈

N

𝑠

}||||||𝑇+𝜃Δ𝑇{
(𝜃Δ𝑇 )𝑈̊N

𝑠

}||||𝑇+𝜃Δ𝑇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (A32)

A =
⎡⎢⎢⎢⎣

1
(𝜃Δ𝑇 )2

[M] 2𝛯C
𝜃Δ𝑇

[M] 𝐶2[K]
− 1

2
[1] [0] [1]

− 1
6
[1] [1] [0]

⎤⎥⎥⎥⎦, (A33-1)

B =
⎡⎢⎢⎢⎣
[0] [0] [0]

1
2
[1] [1] [0]

1
3
[1] [1] [1]

⎤⎥⎥⎥⎦, (A33-2)

C =

⎡⎢⎢⎢⎢⎣

(
1 − 1

𝜃

)
[1] [0] [0](

1
𝜃
− 1

2𝜃2

)
[1] [1] [0](

1
2𝜃2 − 1

6𝜃3

)
[1] 1

𝜃
[1] [1]

⎤⎥⎥⎥⎥⎦
, (A33-3)

D =
⎡⎢⎢⎢⎣

1
𝜃
[1] [0] [0]

1
2𝜃2 [1] [0] [0]

1
6𝜃3 [1] [0] [0]

⎤⎥⎥⎥⎦, (A33-4)
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Analysis Results

The variation in the spectral radius of matrix E in Equation (A31) was analyzed by adjusting the value of in Wilson’s method for various
dimensionless wave celerities (C). For the other parameters, a single element (= 1) was used to represent a single-degree system, with
a thickness of Δ= 1, dimensionless time increment Δ= 1, and dimensionless damping ratio 𝛯 = 0 (undamped condition). The analysis
results obtained using the proposed method, shown in Figure A2a, demonstrated unconditional convergence ((𝜌(E)≤ 1)≤ 1 for 𝜃 > 1.37,
regardless of C.

Additionally, a greater value of 𝐶 means the smaller dimensionless period 𝑇𝑛 = 𝛬𝑛∕𝐶 for the n-th eigenmode, with its dimensionless
wavelength 𝛬𝑛 = 4∕(2𝑛 − 1)—equivalent to a smaller dimensionless time increment relative to the representative time Δ𝑇 ∕𝑇𝑛. The
analysis results obtained using the proposed method, shown in Figure A2a, displayed the same trend as the results (= 0.0, undamped
case) presented by Bathe and Wilson [14] in Figure A2b, thus validating the proposed stability analysis method.

FIGURE A2 | Spectral radius as a function of 𝜃 in Wilson method.
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